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ABSTRACT

The initial value problem associated with the equations of motion for

isotropic Newtonian fluids is investigated. The fluids are compressible,

viscous and heat-conductive . It is proved that there exists a unique :~
global wlution in tirr~~, for the small initial data , and the solutIon has
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SIGNIFICANCE AND EXPLANATION

~~~The motions of compressible , viscous and heat-conductive fluids are

described by a system of partial d i f fe rential equations which is of

hyperbolic-parabolic type and highly nonlinear . One of the first mathemati-

cal problems associated with this system is the initial value problem. We

obtain the existence of a unique smooth global solution in time for the

initial value problem and also the decay rate of the solution as time tends

to infinity. 
________

Since the system is quasilinear wi th respect to the unknowns: density , •J3~

velocity and temperature , we need to assume that the initial data are close

to the constant equilibrium state. The proof which is necessarily quite

technical , involves a combination of the estimates for the decay rate of

solutions of the linearized equations as time tends to infinity, together

wi th energy estimates in the space of square summable functions. Our method

• to obtain the “small” but global solution in time for this particular nonlinear

problem is rather gene ral and can be applied to many systems of nonlinear

partial diffe rential equations, if the solution of the linearized equation has

an appropriate decay rate as time tends to infinity (e.g. dissipative equations,

parabolic equations and so on) and if the nonlinear equations are amenable to

ordinary energy estimates.
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H The responsibility for the wording and views expressed in this descriptive
summary lies with MRC , and not with the authors of this report.
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THE IN I T I A L  VALUE ~~ c~~ LI:M ~~~ THE •~u~ r I N~ (~~- M~~~I ’ l

or coMPREss I :111: vIscous AND HEAT— ~~oN hv~ ” I VI .  F L ~~I !

Akitaka Mat 5umu r~ ~ ~u d  Tak~~ak i ~~i ~h i * *

§1. In t r Q du t~~~n and Theorem

The motion  ~ t the  ~j~~nt ra1 isotro~’xe Newtonian f l u i d s  is  I • ~~cr 1t ~~~~ I v  h~ f iv ~

• conservation laws: - •

+ 
~~~~~~~~~~

(1.1) u’ + u3 u
1 

+ p = { (u (u 1 
+ u 3 ) )  + (~~~

‘ ) } 
• i 1, 2 , 3t X •  ~ X •  ~‘ ( . X , )C , X .  X) 1 3 X 3 3 1

+ u 3 @ + { (K8 ) + ~} , I

where ~: density, ~ = (u 1 , u
2
, U

3
) :  velocity, 0: absolut~ t ernI~~ r~~t u r ~~,

U(P . 0): pressure, p p (p , e): viscosity coefficient u ’ u (p, 0): ~~~~~

viscosity coefficient, ~. = ~ (p, 0~ coefficient of heat conduction , c d o ,  9 ) :

heat capacity at constant volume and ‘P ~ ~
- (u~ + ~

k 
)2 + IJ (u 3 )2: dissipation• 2 x.~ x . x .

function. We consider the initial value problem for (1.1) with thc initial data

(1.2) (p, u, 9) (0 , x) (p 0. u0, ~~~~~ 

( x )  , x €

We seek the solutions in a neighbourhood of any constant state (p, u, 0) (~~, 0, 0),

• where p , $ are any positive constants. Thus we assume the following nj tu r ~~l

conditions on the system (1.1) of hyperbolic-parabolic type throuqhout this ~~~~~ t~ i :

(1) p, c, p, u and K are smooth functions in 0 — { (~ , u , 0 ) :  — P 1 • lul

• 
• 

(ii) ap/~p , 3p/30 > 0, c, p, K > 0 and p + p > 0 in o
where c < nUn (p, 01.

• _____________________________________________
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~ U - Ii 1 > 0
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3 4 
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— The so) I I I  4 * 1 ;  t a  .~ ‘ U . 4 ) 4 t  I i ~ t to ’ - > .4 , i’ s ’ I 4440 4 O’1414 X ~~~ -‘ E> I . t  ..orr*’ E

; 3 . ‘t  4 , ~~~~~~~~ 3 . 4  0 . . t ~~~ . • t + = .

\ (t t :) — U’ . i i ,  1 ) ( t ) : p ~t • x )  I t
1

, fl C > >t
>

. t , fl 
1 4

14 > 1 , x )  , I~~> t , x ) . C1
> t >

, t~~ j tI
e

) n (‘> (t
1
, 1~~ $ ) 1 )  n

•11 L~ (t 1 
, t , 14 ) • 1 — 1 • .‘ , 3 , and

sup II ~~~~. u, 4 ~c )li ~ + f It~ ’ (s) I t  4 It (u. 0) (~OU d*.
t
i

l t  1
1

rh~’ori ’m

~~. ‘l~~~1.l. ’l ~h. o u t  0 4 1  V.O uv j~Job1em (1.3) (1. ’t .u4.t I.’t t h e  b I t  4 . - t i  . ia t .,  h ,,v. - I > . ,

11. ’l II I ot I — 4

>1.7) ft k , ’ , U , 8 ) > ; )lt H u’. U .  0 )  O ) U

Then t he re  o x >  s t  i- , ’,; u l v . ’ , ‘e nst an t s  ,c . t t4;t  C — (C  ;S ~ ~) su~’h I h at  t I  - - _____ —— 4 ) - —  4) (1 — —  ‘ 

I < ~~~~ , t h e n t h e  j - t e t ’I . ’n. (1.3) (1. .) )l,1s t~ 4e U nj ~~~ ’ sOI~~tj o n  U’ , U, 0 ) 4 1 )  10

l.u~~ ’ t ini4 ’ sU . . 1 1h&t

U u 0) (t) o’ i i
4) 

)

. t i~I t I o t *; t ecay rate

1 1 .0)  H U’ . U , 0 )  (t)II C0 E~ / ( >  + 1 )  ~

1.1 j a t  t : i e u i a r  i f  p ,  p and ~ do net dej’ end on ~‘ • then th~ at’ovi’ ~t44 O~ ’t t  400

t e t  I • 4 also.

In I l l we obtain the same typ e of result in t he n~ re l es t  i i  ..‘t ed ~‘a~;,’ ~‘i a

>‘s’Iytropi~’ .04.; . Wi ’ t i  1~.’ i ’fe t  t he readi’ t- I . ’ )I) lot t (1, ’ I ’ i h l  i*”irapt y of ot het  knO~al

~c+~ 
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- 
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1’) *. - . u i - ’  is 4 r - , ’v. d > - y  a . ‘ m ) - 4 i 4 , 4 3  l . ’ i  - a local  . -x ~ I t  . 0. ’ . t I a ’ e t  .‘:‘ t i ; , )  .9 4 101 1

e S tl i I . t t, S  f - i  I ,. ., ) , . I  4~~ i 4 1 4 * X

l’hcoi . m  2 .  1 ( lo. _ t I i X i  ,~ (

, , ‘ie , l~~j i ’ i  I I ~ e 4 4 4 1 3 i . . t ) v.t l uo 
~ 

t . l - lem (1.3). t ~ t
1

. i~~t t h ~. 1 t 1 , ) .~~.,

• u , 0)  (t
1
) 11

P 
I . ’ i  I — 3 . - t  4

t ’ r’ - - X l I t I t e e  t 4 t ~~ ‘ . C~ < -. (C
> ~~ 

) an d  ~ ) 0 w h i . ’I.  .t i .

11 ‘ 4  t
1 

140. U t h .ii  u l U - , U , 0)  ( t~ )II 
~~~~~ 

I h i .  - 1- rel l e r  (1.3)

(1.5) has the un1~~~~~~.e 1 U t 4 . ~n

(p • U , 0 )  > 4 )  X (t
1

, + C
3 II >~~, u ,  0) It

3 
)II

‘l bt ) - i - ’~ ’t  t e l  I — 4 is t he  sami’ as t h a t  for  polyt ro~~i.’ .4.45 144 111 . >1. ’ t 4 O t .i .441

- 4 -
. 4 > - f  i O X I l l L * I  1014 , ‘4 I I , , ’ 1 4 ) 4 3  i . ~~1 l ,+ t  .1 in I I .j ti.I the  

~‘2 
i’I.e r.:\’ est 1m, + t e  t o t  1 0  ease

• . 3 .

Theorem 1.1 (a f ’ i l O i  es t ima te s )

SU1’1’C4 St’ t hat  fo i  t h e  initial data h~~~~t1.i t h. - n 4 ’n14 E . < to t -  I • 4 ,

- ,  4~~ ) U t  1 0 ) 4

(, ‘ , U ,  0 )  ( t )  X 1 (0 T E)

1. ’! .o me T ‘ 0 and some E K . Thea there exist t l v t ’ o . ’n s t a n t s ,- U- ~‘ )

6 ., and C , (C , 6 ., ‘. i )  such t h a t  i f  E C 
~~~, an d I’ . < “ , , t h et~~ t I i ~~~so I u t o’o i . + .  4 ) . ,

a priori  es t imates  • 
-~~

U’ , u , 0 )  Ct) N ” (0 , ‘1’ C, E, 1

whe re ~ 2 • ~~ ~~~j ,~ot de &tnd _on T. l~ _ ’t icu1ar in t he  case of (1. .1)  t he a l .”..’

c ot i nottes_ are t rot ’ for  I — 3 also . 
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4 t .- . - t  04  1 l o - ,t  e l i ’

Take 6~ — mitt (6~ , .)- , , . ,, C
>

, 6 > ~~~~~ ~ .•
~~ 

C ,) and C
0 — C 1 . lo us. 1 ) 4

4 . 4 4 0 1 0 4 . >  coOt tn ua t 1454)  argument ;.r local S 0 : 4 1 1  100 ‘ ‘ 4 4  II ’ , n ~ , n -* , 2. . . tO - 5  1

t h e  ~~loba 1 s~’I~ ti. ’n. i i i  t a c t  t~’. t h e  local v x l S t e t i c i t ) , . - t . ’r , t he dcl l f l i t l , ’t , . 1

t S , ..9nd I I ; ’  assu m> ’t l Oll (E , < ~~) Wt’ ti.l4’ i ’ a I ’OSi t I\PC . . ‘ i l i . t  .4 444 .04,1 a l.)40l

,..‘)ut 0’tl

u 8 ) 4 t )  \ “ IO T C
1 

I

By C
1 

I < c
1 6o ~ and 6 a , iori r s r i m a t r S  4 1 4  5

• - t o ,  u , 0 1 (t )  N (0 , C2 
L , ) . V -~~

• ~ut by C ~ ~ 2 ~ 
6
i and the local i’xlstetiCc theorem , we hjve again

( p ,  U , 8) (t) E N ’ U t ,  It  C
1 

C , t~. ) .

Now by C
1 
C , E~ ‘1 C1 

C, 
~~ 

t , and l~, 6
0 

.‘ , , a priorI estimate shows • 
- •

to , u , 8)(t) e X~
’ (0 , .lt C., E , )

Thus we can continue the  same arguments on In i , (n + l)i) and 10, (it + 1)i)

successively n • 2, 3 , . ,

_ _ _ _  — —
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•

1 .• . , ; t  Ps : - ,  > . ‘n~ - t  -• : met  4: , ,> ~0 • - t un  .t p r l , .t 1 c t 0 . 4 4  - ‘ - :.:.t11 s...1u! 10415

- 1 . 01.4 1 4 , 4 1 5  ~ t t h  .I1s~ ipatiOn , 5 ) 41 . 11 l t  -• c. ’oi l 0 . t I  1, ’il o t t b . .  l~~ o - , t t  e C I  i .tl I I , ,  • - l \

0) .4 4 ) 5 ’ 1. , — t ’ni- t iv  met I i , ’ J .  F l  ~~- . t  ~~. t~~- w t  i i . - t lie s y s t  i -ni > 1 . 3 )  so t l ~~,t  a l l  10 ,  44 021—

I 4 ~~._ . t t  t ’ ’ t ) ’~~. .1 > 1  . 5 4  * 4  t o  t I - f b i  h ,, :; > tu, >.  ‘ - 1  , ‘.( U . l t  1 , 7 0 . :

1~
t ‘ P —

i — — 1 — — 1 _ 1

( 3 . 1 ) ’ .  + 0 — )~ U — >~ . + ~. ) u  ‘ t , •‘ 1 , .2, 3
1 1 1 x .2 x x x  x x

1 1 3 1  1 I

4 4’ •~~~~ ~ — . 0

~ t k j  ~ X , x •
3 3 )

• ( 1 
, ~ — 0. ‘ • 4 - is  at least quadrat  1,’ I w:ct  1, 4 : 5  ol  U’ , U • 0) and

1 4 , , I t  fjrol ~io1 st ’c,’nd ,le t  1 V J t 1 V . ’ S , S t ) d  p
1 ~~~(0 , 0), p . ~c~

>
~
’’ 0 ) ,  1 3 1 3

12 . 0 ) .

(0 ,  ,1 . 0) i — ~ 
• (0, 0, 0) , * : (0, 0, 0) ate posit  l y e  c o nst an t s .

Set u _ t(. 
- 

: -
~~ 

~~~. 
u , • ‘ $ j C ( : ~ , 0 , 0) and wr1t..~ ( 3 . 1 )  in t I , - I . ’~~~~

( 3 .1)  Y + AU — F ( t i )

The f o U l  1 .1  t 4 . 1 ) 1 5 1 , ’ i’ll A I of t I - . ’ 1 i n t ’.lr >~~ r t  ial 2 i t t  event .  i~~l ..~>-e i a t  01 A is  the •

S 5 vatri x

/ 0 14’ k 
L4

\
( 3 . 3 )  A U - )  - - oU - , 4 4 1’. H

2 
- (~ + ‘

~~~ 
~k 

~t

0 ~~ 1~4
4~ RI 1

s ’s i .-  a • . 0 , 0) 1’ — > 1 B/c (0 , 0 , 0)  it ) ,> j , k run from 1 to > . The

.. 1 - i . .n v a U e4l 4. , • . . , 4 of A .Uld t b ,  i v  pro io. ’t l,’t lS  P • 1 , • 4 ,
- 1

.‘s t I l t ’ ‘ ‘ 1 . 4 0 7 1 0 )  .4c. ’s i t  , , : l . i l V ~5’ ,I >0’

-I,-

L -~- -- ~~~
z-
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1~~rtima 3 .1

U-) U- depends on i 
~ 

only and A . = 0 1f f  ~~ = 0 , j = 1, , 4.

( 1 1 )  -~~ 
~~ k ’ ~‘ 1’., for all RI except at rsDst four points of R I > o.

4111) There exist positive constants r
1 

< r
2 

such that A . has a Taylor (Laurent)

series expansion for j~~ C r
1 

(I~l > r
2
, respectively). Specifically, the

Taylor series has the form

1~’l [2 + b2 
i RI + 

(a 2 + b2) ( 2 ~ + ii ’)  + b
2 

K 
~~ RI) 2 

+

2 (a  + b )

* X~ (comp lex conjugate)

( 3 . 4 )

A
3 

= 

a
2

+ b
2 i RI~ + 

2 
b
2 

~
2 ( ( a 2 + b 2) ( 2 ~~ + 

)
~~ - a

2 )
~ (i R I ~~ + . . .

I (a + b )

LA 4 = u(i RI 2

(iv) rank (A
3 - A) = 3 for all RI > 0. 4

Iv ) The matrix exponential has the spectral resolution

4 tA . ( C )
(3 . 5) etM~~ = e ~ 

(~ )
j= l

for all J~ except at r,iost four points of f F ~ > 0.

(3.6) ttP ,(~~)I) < C for RI < r .
— — 1

It has the est imate by the modification of the right hand side of (3. 5) near

the points of a mult iple eigenvalue

(3.7) fle
t )

ll < C(l + t) 3 
e 8t

for RI > r
1 

and a positive constant 8.
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Li ‘1 .4 3. 2

a , o - 0- . I . t t ; t  C • C(t ) r u , :, 1 0 , 4

Il 0 (U)N , I I F ( U ) l I  C C tt ulI 2
( 4 . i4)

F (U) i C Hit II tJIt k t o r  ~. — 1 , 2

I . ,  . 4 i  t i . -u l ar  ~n the ’ Ca.,.- . t t1 . ’~)

( o  ‘) f t :  F ( 0 ) i I  C 11 (A) ( h Ull ‘ Ilu , 8(1 , )

0 . j , S t t i O t I  3 . 3  4 -

‘ 0 i - t . - eX l . , ,t  6 • , . t t i d  C 4 4 0, >:  4 ) 1 s t  1 1  4 :  < 6 •t i i , ~ E , then  U U -
3 3 - -  1 4 3 -— —- - 3

satisfy ing (3..) l ia r :  t h e  t -st ~~mgt , ’s

f ItU (t ) h ( 9 < C
3 

E , t l t ) 3

(3. 1”)
‘I t -4

f t u t H~ ds < C
> 

E , ,
-

• 4 in general and .~ • 3 for the case (1.9).

The >‘ i e i - ,’s it  ion 1 4 4  a consequence of Lemmas 3.1 and 3 .2 .  In f ac t  we have

[ ll U > t )tt < C
0 EU -i 

+ t )  + C (1 + t - ~ ) 3’4 U ( s ) ) ) 2 ds

L hID k U ( t ) t t  < C
0 

E~~(1 + t ) 514 
+ c f  (1 + t - s)

5 4

((10(5)11 2 + hhU ( s ) h1 4
) ds , k • 1, 2

Th~- t , ’tore for  M ( t )  — su> (1 a) IIU(s)tI we have MIt) < C
0 

E , + C ~l ) t ) 2 
+

44< 5 < >  —

C 4 M (t), wher e E is t i le  n Orm ( 1 . 6 )  assumed on the solution. Thus we ‘let the

~~~ 1us 11’t I  of t’ ro>x’s i t  lot )  for I = 4.

Nex t we have to obtain t i l t ’ estimates for the higher derivatives , w b i c l :  i s ~~i’.’ ..’n
* by

—14 -

~~~ - ;  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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f _ i ~~~~~~~~~~
‘ ‘ i  ‘ S i t ’ • t . 4 4 : 1 C~ $U . l1 t i , 4t 1 4  ~~~~~~~~~~~~~~~~ ,it.d t h, so ,,t~~~~.

U - i )  i-~a t i - 0 ~~ - - . t : : . ’ - - ’ . - CçCS ( ‘ .1 - 1 ,  t ’ . .~~~. > 4 : . - t ’ f l i  - .t 1 r 4 4 4 t~~ 2, to - 12

4
-4 4~

( 4 . 1 1) I I :  ‘~~u , 0) >t it ) - + ( 1 :  ‘1 6) ( s ) 5  ds < c t: 2 
f - - i  I k C‘0 

— - —

( 3 . 1 1)  liD~ •U-~~
) h 2  11

r: )~U- ~Is ~ C . f~’i 3 < ni

lo t ’ . ’ - . , > t , .* , 1 ,  r i t a  l r . . . - ,I ¶ 0 . -  ls’c..’r.,;ur ’ . 5 1  h a tes ( 1 . 10) r i  t ) :i l ’s. -i r i -

‘1’ 1 14’ , I t  I V i ’74 0 1  t l l . - ,;, r m t  i ,  • t Ue t ’. 1 - I 2 . - f ‘‘ 7, i t O  ii  3 . 4  is  .u’.’.. i ; .  :1, - , .  r ;S  1’.’ . : 4 );

7 : -  - ‘c t r o  , and m i i .  1 0 . -  s,ir , - W a y  as t h a t  fo r  p o 1 v t t ~ , > - j ,- 40 S~~S in (Ii. In ~~a - • l et

US I i -
~~~ 1 id 1 1 * .  Of i ’ l . l t  or 5 0 ’ , ~ 0 , , 4 in (1. 3) and n O t e  4 4 . . - C Ot  1 1 4 , 4 4 4 7 4  t .  - t  t h e

i ;. ’ i i l i l ; ,  . 4 1  t i ’ I i f l S . 4 h O  t O e  r i - ; h t  l i _ t i : , :  o l d , -  ot ’ ( 1 . 3 ) .

Lemma 3 .5

~~~ 00.’ ’ ‘ 4 . ’ 05 1  U’ , I t  . 7  0 ‘r k — 0~ 1, . . . 4

(3.13) ItO
>> 

gil < C lb . u , 011
3 HDU , u,

TIle  ..- r :t l i r i a t, ’ (3.11) O r  k .1 is g l v . .’t . >4’) ’ the  4 4 : t . .’.4 i 0 1 14’T: On x € i~~ , 0 < t < T of

1 0 ,-  equality

(3.14) D
k
(L~~(u) - 

1 
0
k 

u
1 

+ pk
(L 4 ( o )  - 44

4
) . 0

>> 
0 = 0

l r : t , - - : t . ,t , ’ by . l tt s , us..’ (3 .10 )  ,~ :2 Lemma 3.5. The e stj r o i t . - ( 3 .11) f o n  m * 3 1 0

o b t a in ,  2 by t h e  in t e , i z- a t  ion on S ~~~~~ 0 t < T of 10. - e q u a l i l  y

0
m-l {L 0

(, - , ~ 
l
x
i 

0
m—l 

+

6 -~~~~- -~~~~~~~- ~0
n u  

~ 1-
t ( u )  + 

~~ 
- ( . t~~ 

~ 
. 0

1 1 1

• l t i t r ’- , r~~te by p a r t s , use 4 ) 1 . ’ .‘:~u a t i on  ( 1 . 3 )  and i 3 . l 0) ,  4 3 . 1 1 )  for  k I and Lemma 3 .5 .

W~ con >-r o c e ’ .’d to ’ ~ ct  (3.11) for k • 3 by ( 1 . 14) and so en.  The dt ’t ~~i led a t .Ue ’C441  S
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using the F r i e d r ich s  m ol l i f i e r  and the estimates for composite functions are the same

t ha t  in ( 1 1,  and so we omi t them here .
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